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3

The thermodynamic model of ultrathin lubricant film melting, confined between two atomically-flat solid sur-4

faces, is built using the Landau phase transition approach. Non-equilibrium entropy is introduced describing5

the part of thermal motion conditioned by non-equilibrium and non-homogeneous character of the thermal6

distribution. The equilibrium entropy changes during the time of transition of non-equilibrium entropy to the7

equilibrium subsystem. To describe the condition of melting, the variable of the excess volume (disorder pa-8

rameter) is introduced which arises due to chaotization of a solid structure in the course of melting. The9

thermodynamic and shear melting is described consistently. The stick-slip mode of melting, which is observed10

in experiments, is described. It is shown that with growth of shear velocity, the frequency of stiction spikes in11

the irregular mode increases at first, then it decreases, and the sliding mode comes further characterized by12

the constant value of friction force. Comparison of the obtained results with experimental data is carried out.13

Key words: boundary friction, nanotribology, dynamic modelling, shear stress and strain, viscoelastic14

medium, stick-slip mode15
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1. Introduction17

With the development of nanotechnologies, the friction of two smooth solid surfaces at the18

presence of thin lubricant film between them has been vastly investigated lately [1]. Experimental19

study of atomically-flat surfaces of mica, which are separated by ultrathin layer of lubricant, shows20

that lubricant has properties of solid at certain conditions [2]. In particular, the interrupted motion21

(stick-slip) inherent in a dry friction [3, 4] is observed. Such boundary mode is realized, if the film22

of lubricating material has less than four molecular layers, and this is explained as solidification23

conditioned by compression of walls. The subsequent jump-like melting takes place, when shear24

stress exceeds a critical value due to the effect of “shear melting”.25

In a general case, the description of behavior of ultrathin lubricant film should be carried out26

starting with the first principles. However, such an approach is complicated due to different lubri-27

cants and geometry of experiment used. Therefore, the phenomenological models are proposed that28

allow us to explain the experimentally observed results. In particular, thermodynamic [5], mecha-29

nistic [6–8], and synergetic [9] models are built. They are of deterministic [6, 9] and stochastic [7, 8]30

nature. Also, the studies are carried out using methods of molecular dynamics [10–13]. It appears31

that the lubricant can provide several kinetic modes [2], between which transitions occur stipulat-32

ing the interrupted friction [2, 4]. In work [7] three modes of friction are revealed at the account33

of stochastic effects: sliding mode that is inherent in low-velocity shear, regular interrupted mode,34

and mode of sliding at high-velocity shear. The existence of these modes is also confirmed by the35

synergetic theory taking into account the deformation defect of the shear modulus of lubricant [14]36

and the computer experiments [1–3, 15].37
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In work [9] within the framework of the Lorenz model for approximation of viscoelastic medium, 1

the approach is developed according to which the transition of ultrathin lubricant film from the 2

solid-like state to the liquid-like state takes place as a result of thermodynamic and shear melting. 3

An analytical description of these phenomena was presented under the assumption that they are 4

the results of shear stress and strain self-organization as well as of the lubricant temperature. 5

Additive noises of the indicated quantities [16–18] and correlated fluctuations of temperature [19] 6

are taken into account. The reasons for the jump-like melting and hysteresis, which are observed 7

in experiments [20–22], are considered in works [14, 23, 24]. Three stationary modes are found out: 8

two solid-like, inherent in the dry friction, and liquid-like, corresponding to sliding. It is shown that 9

transition between two last modes takes place in accordance with hysteresis of the dependence of 10

stress on strain (at the jump-like melting) or on the temperature of friction surfaces. 11

At the same time, the traditional use of the Lorenz equations set for the above problem leads 12

to logical contradictions already at the stage of formulation of the problem. Consideration of strain 13

and stress as independent quantities, i.e., that for each of them a separate kinetic equation is 14

written, contradicts the canons of “classic” mechanics and thermodynamics. Moreover, there is 15

no symmetry of types of thermodynamic flows at such formulation which predetermines strict 16

accordance of signs in the mixed terms in kinetic equations. An output can be found using a 17

multidimensional thermodynamic potential from which the set of Landau-like kinetic equations 18

must follow by standard procedure of differentiation [25]. Earlier this approach was applied for 19

description of the processes of severe plastic deformation (SPD) [26–28] and fracture of quasib- 20

rittle solids [29]. The latest advances and statistical justification of this approach are outlined in 21

works [30–32]. Both the process of SPD and the process of ultrathin lubricant sliding have a lot in 22

common, which allows us to claim the legitimacy of application of such a technique in both cases. 23

However, principal differences between these processes are present. They are mainly related to an 24

ultrathin thickness of lubricant layer (order of atomic size), which brings in the limitations and 25

deviations from standard procedure, which we shall consider in the proper place of the article. 26

The general thermodynamic model of ultrathin lubricant film melting is built in the offered 27

work. Kinetic equations are written in as Landau-Khalatnikov ones for basic parameters (section 2). 28

In section 3 the effect of shear velocity is considered and it is shown that there exists a critical 29

value of velocity, at which lubricant melts in accordance with the mechanism of shear melting. The 30

effect of temperature is investigated. It is shown that at temperature exceeding its critical value, 31

the lubricant can melt even at the zero applied shear stress and at zero velocity of the shearing, 32

i.e., the thermodynamic melting takes place (section 4). The effect of fluctuations of the strain is 33

analyzed which arise due to errors in the experimental setup (section 5). All of the found features 34

coincide with the ones for experimental data. 35

2. Thermodynamic model 36

At the construction of a model within the framework of the Landau theory of phase transi- 37

tions [25], at first, it is necessary to choose a parameter whose values characterize the examined 38

phases. This parameter is called an order parameter and describes a change of phase symmetry 39

at the phase transition point. An order parameter changes discontinuously during the first-order 40

phase transitions and it varies smoothly during the second-order phase transitions. However, the 41

phase symmetry changes discontinuously at the phase transition point in both cases. A phase 42

becomes more ordered with the growth of the order parameter and symmetry falls down. 43

Melting of a thin lubricant film unlike melting of volume medium can take place according to the 44

scenario of second-order phase transition [5]. However, there is a certain problem at describing the 45

states of thin lubricant films, because such films demonstrate more than one type of transition [2]. 46

States of a lubricant film are not true thermodynamic phases. They are interpreted as kinetic 47

modes of friction [4]. Therefore, one speaks not about a solid and a liquid, but about a solid-like 48

and a liquid-like phases. The increase in volume [10] and diffusion coefficient [10, 11, 33, 34] of such 49

lubricants shows the melting process. Since the volume is experimentally observable, to describe 50

the state of lubricant, a parameter f is introduced, which also relates to the order parameter 51
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(a disorder parameter [35]). It has a physical meaning of an excess volume, arising due to the1

chaotization (the amorphization) of structure of a solid during the process of melting. The excess2

volume acquires zero value at zero Kelvin, when all atoms of the system are densely packed at rest.3

It is different from zero both in the solid and in the liquid state at non-zero temperature. However,4

it has a larger value in the liquid state. We introduce two values of this parameter: at f > fliq5

lubricant is liquid-like, and when f < fsol, it solidifies, and the symmetry of state is decreased.6

Now, in accordance with general procedure, it is necessary to write down an expansion of energy7

in the independent variables. Internal energy for a model, in which both contributions of large shear8

strain εeij and of entropy s and nonequilibrium entropy s̃ are taken into account simultaneously, is9

written as [28]:10

u = u0 + t0s̃−
1

2
t1s̃

2 + ϕ0f − 1

2
ϕ1f

2 −m1s̃f, (1)

where11

u0 =
1

2
λ (εeii)

2
+ µ

(

εeij
)2

+ αs2 + βsεeii , (2)

t0 = X
(0)
3 εeii +X

(0)
6

(

εeij
)2

+ αts, (3)

ϕ0 = gεeii + µ̄
(

εeij
)2

+ αϕs, (4)

ϕ1 = ϕ∗

1 + µ̃
(

εeij
)2

, (5)

m1 = m∗

1 +X3ε
e
ii +X6

(

εeij
)2

(6)

and λ, µ, α, β, X
(0)
3 , X

(0)
6 , αt , g, µ̄ , αϕ , ϕ∗

1 , µ̃ , m∗

1 , X3 , X6 are constants of expansion.12

Elastic stresses are taken into account with accuracy to quadratic contributions via the first13

two invariants of the strain tensor εeii , (ε
e
ij)

2 = εeijε
e
ji , where summing is implied over repeated14

pairs of indices. Thus, the first invariant represents the trace of the strain tensor εeii = εe1+εe2+εe3 ,15

the second one is determined by expression [36]16

(εeij)
2 ≡ (εell)

2 − 2I2 = (εe1)
2 + (εe2)

2 + (εe3)
2. (7)

These determinations of invariants suppose that symmetric tensor εeij of elastic strain is transformed17

to the diagonal form.18

A new basic quantity, i.e., the non-equilibrium entropy s̃, is introduced here describing the part19

of thermomotion, which is conditioned by non-equilibrium character of the thermal distribution.20

Exactly this part of the entropy is produced owing to dynamic transition processes at generation of21

the free volume during external action, tending to some stationary value [26–31]. The equilibrium22

entropy does not evolve in the ordinary understanding, but changes with time due to relaxation of23

non-equilibrium entropy and its transition into the equilibrium subsystem.24

We write down the corresponding kinetic equations for non-equilibrium parameters of state Xi25

in the form26

τXi
Ẋi =

∂u

∂Xi

, (8)

where τXi
are the relaxation times.27

At description by equations (8), the system tends to a maximum of the internal energy that28

corresponds to strongly non-equilibrium processes occurring in open systems at energy pumping29

therein (strictly speaking, this is true for an “effective” internal energy, which is a combination of30

the internal energy and the entropic factor [32]). For example, the maximum of internal energy is of31

crucial importance for magnetic [37] and for alloy orderings [38, 39]. This property of the internal32

energy is also similar to the property of thermodynamic potential, introduced earlier for strongly33

non-equilibrium processes [40]. In our case, the energy pumping is realized due to deformation at34

the displacement of the friction surfaces. Thus, a kinetic equation for the excess volume assumes35

the form36

τf
∂f

∂t
= ϕ0 − ϕ1f −m1s̃, (9)
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and for the non-equilibrium entropy s̃ we obtain 1

τs
∂s̃

∂t
= t0 − t1s̃−m1f, (10)

where the terms with the sign “+” describe the increase in non-equilibrium entropy due to the 2

external source of energy (the work), the terms with the sign “–” reflect its drift to the equilibrium 3

subsystem. 4

The kinetic equations for the equilibrium entropy differs from the usual form (8), since a change 5

of equilibrium entropy occurs due to transition of its non-equilibrium form to equilibrium one. 6

In the case of non-homogeneous heating, the equation of heat conductivity represents the ordi- 7

nary equation of continuity [41]: 8

T
∂s

∂t
= κ∇2T, (11)

where coefficient of heat conductivity κ is a constant. Supposing that a layer of lubricant and 9

atomically-flat surfaces have different temperatures T and Te accordingly, for a normal constituent 10

∇2
z it is possible to use the approximation with sufficient accuracy κ∇2

zT ≈ (κ/h2)(Te −T ), where 11

h is the thickness of lubricant. Taking this into account, equation (11) is written down in a simple 12

form 13

∂s

∂t
=

κ

h2

(

Te

T
− 1

)

, (12)

where quantity h2/κ plays the role of relaxation time, during which an equalization of the temper- 14

ature occurs over the thickness of the lubricant due to usual heat conductivity. 15

The decrease in the non-equilibrium entropy is taken into account by the negative terms in 16

the kinetic equation (10), which means that the same terms with positive sign must be taken into 17

account in the equilibrium entropy. Therefore, the final kinetic equation for the equilibrium entropy 18

is written down in the form: 19

τs
∂s

∂t
= t1s̃+m1f +

τsκ

h2

(

Te

T
− 1

)

. (13)

In accordance with the expression for the internal energy, the temperature of the lubricant is 20

obtained in the form: 21

T =
∂u

∂s
= 2αs+ αts̃+ αϕf + βεeii . (14)

According to (1), elastic stresses are determined as σe
ij = ∂u/∂εeij : 22

σe
ij = λεeiiδij + 2µεeij + βsδij +

(

X
(0)
3 δij + 2X

(0)
6 εeij

)

s̃

+
(

gδij + 2µ̄εeij
)

f − µ̃εeijf
2 −

(

X3δij + 2X6ε
e
ij

)

s̃f. (15)

Expression (15) can be presented as the effective Hooke law 23

σe
ij = σvδij + 2µeffε

e
ij + λεeiiδij (16)

with the effective elastic parameter 24

µeff = µ+X
(0)
6 s̃+ µ̄f − 1

2
µ̃f2 −X6s̃f . (17)

Constants µeff and λ are the Lame coefficients [41]. The term, being independent of strain, appears 25

in (16) 26

σv = βs+X
(0)
3 s̃+ gf −X3s̃f. (18)

The first and second invariants are determined as 27

εeii =
n− σv

λ+ µeff
, (19)

(εeij)
2 ≡ εeij ε

e
ji =

1

2

[

(

τ

µeff

)2

+ (εeii)
2

]

, (20)
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where n, τ are the normal and tangential components of stresses acting on the lubricant on the part1

of the rubbing surfaces1. The relationships (19) and (20) represent an ordinary connection between2

the components of tensors and their invariants of linear elasticity theory (see, for example, [36]).3

Let us use the Debye approximation relating elastic strain εeij with plastic one εplij [5]:4

ε̇plij =
εeij
τε

. (21)

The total strain in a layer is determined as5

εij = εeij + εplij . (22)

This strain fixes the motion velocity of overhead block Vij according to relationship [2]6

Vij = hε̇ij = h(ε̇eij + ε̇plij). (23)

Relaxation time of strain in (21) depends on the state of the lubricant:7

τε = K(γ0 − γ1f), (24)

where the constants γ0 , γ1 and coefficient K are introduced. For the solid-like state of the lubricant8

K = Ksol .9

In the solid-like state, τε is large and, therefore, εeij is large in accordance with the expres-10

sion (24). For the liquid-like state, τε is small in comparison with the solid-like case, and εeij is11

small too. Combining relationships (21)–(24) we obtain an expression for elastic shear strain:12

∂εeij
∂t

= −
εeij

K(γ0 − γ1f)
+

Vij

h
. (25)

The experimental data also evidence that in the liquid-like state, the elastic strains relax rapidly [2]13

and the relaxation time for a liquid-like state is substantially smaller. The expression (24) at14

K = Ksol already reflects the tendency of the relaxation time to decrease with melting (at increase15

in f), but such a dependence is fulfilled only for the solid-like state and near a transition point [5].16

Therefore, it is necessary to assume for the liquid-like lubricant K = Kliq < Ksol .17

It is known that the melting of lubricant is of hysteresis nature in most cases [7, 20–22]. For18

theoretical description of the hysteresis phenomena, a series of works were undertaken, in particular,19

within the framework of Lorenz model [14, 23, 24]. In this approach, to account for the indicated20

phenomena, it is necessary to select two characteristic values of the excess volume: at f > fliq21

lubricant is liquid-like, and when f < fsol it solidifies.22

Let us get an expression for the friction force that is measured in experiments [2]. Besides the23

elastic stresses σe
ij , the viscous ones σvisc

ij also arise in the lubricant. The total stress in a layer is24

the sum of these two contributions25

σij = σe
ij + σvisc

ij . (26)

The total friction force is determined in a standard manner:26

Fij = σijA, (27)

where A is an area of contact. The viscous stresses in a layer are given by the expression [42]27

σvisc
ij =

ηeffVij

h
, (28)

where ηeff is the effective viscosity that is defined only experimentally, and for the boundary28

mode [42]29

ηeff ∼ (ε̇ij)
γ , (29)

1Shear stress τ is defined from expression (16) at i 6= j, i.e., δij = 0.
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thus, for most systems γ = 2/3. Taking into account (23), (29), the expression for the viscous 1

stresses (28) is written down in the form: 2

σvisc
ij =

(

Vij

h

)γ+1

. (30)

Putting (26), (30) in (27), we obtain the final expression for the friction force: 3

Fij =

[

σe
ij +

(

Vij

h

)γ+1
]

A, (31)

where σe
ij is fixed by the expression (16) at i 6= j. 4

3. The effect of velocity and shear melting 5

Ultrathin lubricant films behave differently from volume medium. Therefore, at their description 6

it is impossible to use standard formalism without changes, since a number of principal new effects 7

appear, which must be taken into account. One of them is an interrupted motion (stick-slip) [2, 4] 8

schematically shown in figure 1. At the beginning, the lubricant is solid-like (stick), but after

STICK
SLIP

STICK

Solid-Like

State
Liquid-Like

State

Solid-Like

State

Fig. 1
Figure 1. Schematic realization of the interrupted (stick-slip) friction mode [2].

9

exceeding some critical value of the elastic shear stress σe
ij it rapidly transforms into the liquid-like 10

phase (slip) due to disordering. The top rubbing surface climbs, because a change of lubricant 11

volume takes place. The relaxation of σe
ij occurs in the liquid-like state and the lubricant solidifies 12

again (stick) due to the compression by the walls under the action of a load. This process is periodic. 13

One of the basic differences from the behavior of volume lubricants in this mechanism is that the 14

action of the shear stress σe
ij causes not only a shear but also an increase in lubricant volume. This 15

fact agrees with the results, which are obtained using the methods of molecular dynamics [10], and 16

can be reflected by modifying the expression (19) as follows: 17

εeii =
n− σv + σe

ij ε
a
ij

λ+ µeff
. (32)

The dimensionless tensor constant εaij is introduced here, which fixes the dilatation power (the 18

expansion of lubricant at a shear under the action of σe
ij). Thus, it is also necessary to take into 19

account that the action of shear stresses leads to an increase in lubricant thickness h. The relative 20

increase in volume2 due to an increase in lubricant thickness h may be expressed by: 21

δV

V0
=

Aδh

Ah
=

δh

h
, (33)

where A is the area of contact. Equating a contribution to the relative increase in volume from (32) 22

due to shear stresses and the expression (33), we obtain the change of lubricant thickness in the 23

2Physical meaning of the first invariant (32) is the relative change of volume δV/V0 , where δV is the change of
volume, and V0 is the initial volume before deformation.
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form1

δh = h
σe
ij ε

a
ij

λ+ µeff
. (34)

In subsequent calculations, the thickness h in (25) it is necessary to replace by expression h+ δh .2

Now the model is complete, because together with the thermodynamic melting we take melting by3

shear into account.4

Result of simultaneous numerical solution of equations (9), (10), (13), and (25) is shown in5

figure 2 at parameters λ = 200 Pa, µ = 108 Pa, α = 4.1 J−1·m3·K2, β = 2.2 K, X0
3 = 2·10−4 K, X0

6 =6

400 K, g = 10−5 Pa, µ̄ = 40 Pa, ϕ∗

1 = 5 J·m−2, µ̃ = 2.4·10−3 Pa,m∗

1 = 3·10−4 K, t1 = 0.015 K, X3 =7

1.12 · 10−4 K, X6 = 0.4 K, τf = 1 J·m−3·s, τs = 0.1 J−1·m3·s·K2, κ = 10−13 Wt·m−1·K−1, αt =8

2 · 10−5 J−1·m3·K2, αϕ = 2 · 10−5 K, h = 10−8 m, Te = 300 K, εaij = 1, n = −105 Pa, γ0 = 25 s, γ1 =9

50 s,Ksol = 1,Kliq = 0.07, fsol = 0.04, fliq = 0.05, A = 3 · 10−9 m2, γ = 2/3. At zero velocity, the

0 200 400 600 800
0

1

2

3

4

5

0

0.01

0.02

0.03

0.04

0.05

f

V0 V1

V2
V3

V4

(a)

(b)

Fij mN

Fs

Fs

Fs

Fk

Fk

t, s 

Figure 2. The time dependencies of excess volume f and friction force Fij (31). Values of shear
velocities Vij are V0 = 0 m/s, V1 = 1.9 · 10−12 m/s, V2 = 4 · 10−12 m/s, V3 = 21 · 10−12 m/s,
V4 = 22 · 10−12 m/s.

10

friction force is equal to zero, the excess volume f decreases, lubricant here solidifies slowly due to11

the compression by walls.12

When the system begins motion (Vij = V1 6= 0), the lubricant begins to melt under the action13

of growing stresses σe
ij , and the excess volume increases here. When f reaches the value f = fliq,14

the lubricant melts totaly, and since the relaxation time in (25) becomes much smaller, the stresses15

begin to relax. Here the lubricant begins to solidify again, because the lubricant is supported by16

the elastic stresses in the molten state. When it solidifies totally (f = fsol), due to the increase in17

the relaxation time in (25), the parameter f increases again, while it does not reach the value fliq,18

and the process is reiterated again. According to this, the periodic interrupted (stick-slip) mode19

of melting/solidification sets in. It should be noted that at Vij = V1 the excess volume at once20

begins to decrease at exceeding the value fliq, while at solidification and reaching f = fsol it still21

decreases during some time, and only then it starts to increase. This is because some minimum22

value of stresses is needed for an increase in f , and since the velocity is small, this value, according23

to (25), slowly increases. Therefore, after solidification, the excess volume can decrease during some24

time, while the proper value of stresses is attained.25

At an increase in velocity to the value Vij = V2, the frequency of stiction spikes increases due to26

13001-7
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a rapid increase of stresses in the system at this velocity. Accordingly, the lubricant rapidly melts, 1

and the system has got time to accomplish more transitions from melting to solidification. 2

Frequency of peaks decreases again with the further increase in velocity Vij = V3 . This is 3

because at high velocity in equation (25), the stresses relax to a greater stationary value at which 4

the lubricant solidifies slower. The dependence Fij(t) has long kinetic sections with Fij = const. 5

The excess volume increases during some time in this mode at exceeding f > fliq and then it 6

begins to decrease. 7

At further increase in shear velocity Vij = V4, the interrupted mode disappears, and the kinetic 8

mode of friction of the liquid-like lubricant sets in with the value of friction force Fk . This takes 9

place because at the value of velocity more than critical one Vij > Vc stress σ
e
ij arises in a lubricant 10

that provides a value f > fsol at which the lubricant is not capable of solidifying. Let us note that 11

at an increase in velocity, the values of stresses grow according to the kinetic mode of friction with 12

force Fk . This agrees with what is offered by a mechanistic model [6]. 13

Thus, at an increase in velocity, at first, frequency of stiction spikes increases, then it decreases 14

due to the appearance of long kinetic sections, and when the critical value of velocity Vij > Vc, is 15

exceeded, the mode of stick-slip disappears. The described behavior well agrees with experimental 16

results [2]. 17

4. The effect of temperature 18

The ultrathin lubricant films melt not only due to the shear melting at the increase in velocity, 19

but also due to the increase in temperature. Let us investigate the effect of the temperature on the 20

examined system. For this purpose, we obtain time dependencies for the friction force (31) which 21

are similar to the ones shown in figure 2. Here, the value of shear velocity Vij is assumed to be a 22

constant, and the temperature of the moved surfaces Te increases. The indicated dependencies are 23

depicted in figure 3. It can be seen from the figure that at low temperatures of friction surfaces

0 200 400 600 800
0

1

2

3

4

5

Te0

Fij mN

t, s

Te1
Te2

Te3
Te4

Figure 3. The time dependencies of the friction force Fij (31) at parameters of figure 2 and
shear velocity Vij = 17 · 10−12 m/s. Values of temperatures of friction surfaces are Te0 = 50 K,
Te1 = 230 K, Te2 = 400 K, Te3 = 490 K, Te4 = 550 K.

24

Te = Te0, the frequency of stick-slip transitions is large, and the dependence Fij(t) does not have 25

the kinetic sections. This implies that the lubricant begins to solidify immediately after melting. 26

With the increase in temperature (Te = Te1), both the frequency of peaks and their height become 27

smaller. Frequency becomes smaller due to the appearance of kinetic sections, i.e., the lubricant 28

now solidifies slower. A decrease in the height of peaks implies the decline of static friction force 29

Fs . With the further increase in Te = Te2, the kinetic section Fij = const becomes more expressed, 30

i.e., the lubricant exists during some time in the molten state at constant stresses which are already 31

capable of supporting this state. However, due to dissipation the excess volume decreases and the 32

lubricant solidifies, and the stick-slip mode is realized. At Te = Te3, the kinetic section becomes 33

dominant, because most of the time the lubricant is in the liquid-like state. At Te = Te4, the 34

lubricant melts ultimately and the kinetic mode is realized. 35
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5. The effect of noise1

The deterministic case is considered above, though, in some situations fluctuations critically2

effect the system [16–18]. We consider a case of fluctuations appearing due to inaccuracy of experi-3

ment where the value of the elastic strain is badly conserved in (25), and thus it fluctuates. To this4

end, in the right-hand part of (25) we add a stochastic source ξ(t) (the white noise mathematically5

defined using the Wiener process [43]), which has moments6

〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = 2Dδ(t− t′), (35)

where D is the intensity of source. With this addition, equation (25) has the form of Langevin7

equation:8

ε̇eij = −
εeij

K(γ0 − γ1f)
+

Vij

h+ δh
+ ξ(t), (36)

whose solution within the framework of Ito prezentation with account of (35) is carried out with9

the use of iteration procedure in the form [16, 18]:10

εeij(n+1) = εeij(n) +

(

−
εeij

K(γ0 − γ1f)
+

Vij

h+ δh

)

∆t+
√
2D∆tWn. (37)

In order to model the random force Wn, the Box-Muller function is used [16, 18, 44]:11

Wn =
√

−2 ln r1 cos(2πr2), ri ∈ (0, 1], (38)

where r1 and r2 are the pseudorandom numbers. The time dependencies of the friction force (31) at12

the parameters of figure 2 and using equation (37) are shown in figure 4. In figure 4a, the intensity of

0 200 400 600 800
-1.5

0

1.5

3

4.5

0

1.5

3

4.5

f

V0

V1

V2

V3
V4

(a)

(b)

Fij mN

t, s

Figure 4. The time dependencies of friction force Fij (31) at parameters of figure 2 with con-
sideration of noise: a: D = 2 · 10−9 s−1; b: D = 8 · 10−8 s−1.

13

noise is small and the deterministic modes are realized (cf. figure 2b). With the increase in intensity14

of fluctuations (figure 4b), the stochastic regime sets in at which the lubricant spontaneously15

solidifies and melts. The possibility of existence of such modes was shown by the methods of16

molecular dynamics [10].17
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6. Conclusions 1

The offered theory allows us to describe the effects observed at ultrathin lubricant film melting. 2

Both the ordinary case of thermodynamic melting due to an increase in temperature and the 3

shear melting due to disordering under the action of the applied external stresses are considered. 4

It is shown that these two processes are interconnected and they cannot be examined separately. 5

For example, at a high temperature of friction surfaces, the shear melting is realized at smaller 6

stresses, and at a still greater increase in temperature, a lubricant melts even at zero stress (the 7

thermodynamic melting is realized). 8

The stick-slip mode of friction, which is observed in experiments, is naturally considered in 9

the model, and it is caused by the rapid relaxation of stress at reaching the liquid-like state by 10

a lubricant. At the temperature of friction surfaces that does not provide the melting in a state 11

of rest, the lubricant solidifies at such relaxation again and it is solid-like during the time that is 12

necessary for the appearance of the stress at which melting occurs. Thus, the temperature effect 13

and shear melting are taken into consideration. These are basic factors to be taken into account 14

while carrying out the experiments. The obtained dependencies qualitatively coincide with the 15

experimental ones. 16
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Багатовимiрний термодинамiчний потенцiал для опису

плавлення ультратонкої плiвки мастила мiж двома

атомарно-гладкими поверхнями

Л.С. Метлов1, О.В. Хоменко2, Я.О. Ляшенко2

1 Донецький фiзико-технiчний iнститут iм. О.О. Галкiна НАН України, вул. Р. Люксембург, 72,
83114 Донецьк, Україна

2 Сумський державний унiверситет, вул. Римського-Корсакова, 2, 40007 Суми, Україна

28

В межах теорiї фазових переходiв Ландау побудовано термодинамiчну модель плавлення29

ультратонкої плiвки мастила, що затиснута мiж двома атомарно-гладкими твердими поверхнями.30

Введено нерiвноважну ентропiю, що описує частину теплового руху, який обумовлений нерiвноваж-31

ним i нерiвномiрним характером теплового розподiлу. Рiвноважна ентропiя змiнюється у часi32

за рахунок переходу нерiвноважної ентропiї в рiвноважну пiдсистему. Для опису стану мастила33

введено параметр надлишкового об’єму (параметр безладу), який виникає унаслiдок хаотизацiї34

структури твердого тiла в процесi плавлення. Узгодженим чином описано термодинамiчне i зсувне35

плавлення. Описано переривчастий режим плавлення, який спостерiгається в експериментах.36

Показано, що iз зростанням швидкостi зсуву частота пiкiв прилипання в переривчастому режимi37

спочатку збiльшується, потiм зменшується, i далi наступає режим ковзання, що характеризується38

постiйним значенням сили тертя. Проведено порiвняння отриманих результатiв з експерименталь-39

ними даними.40

Ключовi слова: межове тертя, нанотрибологiя, динамiчне моделювання, зсувнi напруження та41

деформацiя, в’язкопружне середовище, переривчастий режим42
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